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Abstract 



o 

^. 

JL , We construct an explicit class of solutions of type IIB supergravity that is a 

qj I smooth deformation of the 3-brane class of solutions. The solution is nonsupersym- 

i-Q ' metric and involves nontrivial dilaton and axion fields as well as the standard 5-form 

field strength. One of the main features of the solution is that for large values of the 

k><( I radius the deformation is small and it asymptotically approaches the undeformed 

;h ' 3-brane solution, signaling a restoration of conformal invariance in the UV for the 



dual gauge theory. We suggest that the supergravity deformation corresponds to 
a massive deformation on the dual gauge theory and consequently the deformed 
theory has the undeformed one as an ultraviolet fixed point. In cases where the 
original 3-brane solution preserves some amount of supersymmetry we suggest that 
the gauge theory interpretation is that of soft supersymmetry breaking. We discuss 
the deformation for D3-branes on the conifold and the generalized conifold explic- 
itly. We show that the semiclassical behavior of the Wilson loop suggests that the 
corresponding gauge theory duals are confining. 



1 Introduction 

One of the main virtues of the AdS/CFT correspondence [^ is that it has provided a 
computationally precise prescription of a gauge/gravity duality. The original statement 
of the AdS/CFT refers to the duality between IIB supergravity on AdS^ x S^ and A/" = 4 
Super Yang- Mills. A very natural question that arises from phenomenological motivations 
is the consideration of the gauge/gravity duality in less supersymmetric situations. With 
QCD as the ultimate motivation, one would naturally be interested in nonsupersymmetric, 
nonconformal gauge theories. The duals of such gauge theories in the gauge/gravity 
framework are expected to be nonsupersymmetric solutions that do not contain an AdS^ 
factor in the near horizon limit. 

With this main motivation in mind, in this paper we construct a class of solution of 
IIB supergravity that is nonsupersymmetric, has running dilaton and axion, and generi- 
cally does not contain an AdS^ factor. Our departure from the original 3-brane solution 
is smooth and controlled by one parameter. The deformation we construct joins some 
examples in the literature where a controlled departure from a supersymmetric solutions 
has been motivated from gauge/gravity duality considerations. In particular, a desire 
to resolve the singularities of the KT solution led to the construction of nonextremal 
solutions 0. Our class of solutions is closer in spirit to [§-|§], and even more so to ||^, 
where nonsupersymmetric generalizations have been found that have an ultraviolet fixed 
point corresponding to AA = 4 supersymmetric Yang-Mills. 

The construction is based on the well known fact that the super 3-braneEI of ||,P] admits 
a generalization where the space perpendicular to the brane is replaced by a Ricci-flat 
noncompact space and the warp factor is then a harmonic function on the perpendicular 
space. Along these hues, the class of solution presented in this paper generahzes the 
situation for the case of radial-dependent nontrivial dilaton and axion, the warp factor is 
no longer a harmonic function in the perpendicular space to the brane but rather satisfies 
the Laplace equation with a source. 

After discussing the general case in section |^, we consider the case of D3-branes on 
the conifold. Since the gauge theory dual of this situation and its generalizations is well 
understood [llOHT^, we use this case as the main explicit example. We suggest that the 



deformation amounts to adding a nonsupersymmetric mass deformation to the KW theory. 
For the one-parametric deformation we construct, the soft super symmetry breaking scale 
and the confining scale are given by the same parameter. We therefore, also consider the 



analogous deformation for D3-branes on the generalized conifold |jT3[ which has a mass 
scale in the undeformed theory and is expected to be dual to a confining gauge theory. 

As is common to most of the deformations of p-branes discussed in the gauge/gravity 
framework, the resulting deformation we construct has naked singularities in the IR. The 
ultimate resolution of this naked singularity within the full string theory remains an open 
problem. 



^And for that purpose, any p-brane. 



2 Deformed 3-branes 

The field equations of IIB supergravity wlien only the metric, self-dual 5-forni, dilaton 
and axion field are nontrivial are: 



d{e^^*dx) = 0, 

d*F^ = dF5 = 0, 

1 e^* 1 

Rmn = -dM^dN<l> + ^-dMXdNX + 7^FMPQRsFN''^'^'^. (2.1) 

First we consider the dilaton/axion system and show that it effectively decouples from 
the specific features of the metric, which we take to be of the form 

ds' = e^''^y"'\,dx'^dx'' + e^^'^y'^'^gmndy'^dy^ (2.2) 

where Qmn is the Ricci-fiat metric of the noncompact 6-d space perpendicular to the 4-d 
worldvolume. We assume that the space has one radial coordinate r. The typical example 
to bear in mind would be a cone over a 5-d compact Einstein space: dr'^+r'^dX'^. However, 
the statement is true for more general spaces that are not necessarily cones over X5; all we 
need is to be able to extract a volume form for the 5-d compact space. Assume that the 
dilaton and axion depend only on the radial coordinate in the 6-d perpendicular space: 
$ = $(r) and x = x(^)- Then (i$ = ^'dr and dx = x'dr and also 

*dx = ~x'e^^^^^9'"'dx^ A dx^ A dx^ A dx^ A Vol{X^), (2.3) 

where Vol{X^) is the volume form of the compact subspace, and we assume it to be 
independent of the radial coordinate. Introducing a new radial coordinate t satisfying 

f = iV^g-T'e-'^-''', (2.4) 

the dilaton and axion equations become: 



Xe'" = Co, (2.5) 

where cq is a constant. The dilaton equation becomes $ = CqC"^*, the solution of the 
dilaton/axion system is: 

$ = —In hlncoshcit, 

Co 
Cl , 

X = XoH tanhcit. (2.6) 

Co 



As was stated above, the decoupling of the dilaton/axion system is very generic, its func- 
tional form is therefore determined universally. The dependence on the concrete structure 



of the metric enters only through t (see |]T4[ for another example of this universality) 



There are two facts needed in considering the Einstein equations. The first one states 
that for a metric of the form (|2.2|) the Ricci tensor has the following form 



Rmn = Rmn[9]-9mn(v^B + AdBdB + AdAdB) 



- 4 Vm VnB - 4 Vm Vn^ " 4(9^A(9„A + AO^BdnB 

+ Aid^Ad^B + dr^Ad^B), (2.7) 

where Rmn[g] is the Ricci tensor in the 6-d space calculated from the metric gmn- Moti- 
vated by the super 3-brane picture, from now on we specialize to the case A + B = 0; in 



the absence of the deformation this condition is required for supersymmetry ||g,|T5|. More- 
over, this choice is consistent with the equations of motion. The ansatz for the 5-form 
field strength is 

F^ = T + *T, J^ = KVol{X^). (2.8) 

The F5 field equation (which coincides with its Bianchi identity) requires K = Const.. 
Note that this is different from the standard 3-brane solution, where F5 can also be, and 
usually it is, written as F5 = {l + *)dh~^ Adx^ Adx^ Adx"^ Adx^ , where h = e~^^. Actually, 
in our case 

K 

*T = — dr A dx° A dx^ A dx^ A dx^. (2.9) 

The last element needed for the Einstein equation is the observation that the energy 
momentum tensor of the dilaton/axion system contributes a "charge" . Namely, using the 
solution of the dilaton/axion system given in equation ( p. 61) one obtains 



1$'2 ^ le^V = -c?(^)'. (2.10) 

2 2^2 ^^dr' ^ ' 

There are two independent Einstein equations (one of them is the rr component) 

K2p8A 1 2 



4^((7-)2 2g{g^-y' 
V A = . 2.11 

4ggrr V ) 



Combining these two, we obtain an equation for A 



r2 

,2 A A„rr Al2 



vM-%-A'^ = -^. (2.12) 



Written in terms of the coordinate t and the warp factor h, this is simply the equation of 
the harmonic oscillator 

h + clh = 0. (2.13) 

Note that for trivial dilaton/axion system we recover the typical 3-brane solution h = 
ho + hit. The other independent equation fixes the value of K. Thus, we have shown that 
the type IIB field equations admit a generalization of the 3-brane solution of the form: 

dslo = h~'/\r)7]^,dx''dx'' + h'/\r)gmndy'^dy'', 
h = hi sin Cit + 62 cos Cit, 
F5 = {l + *)KVol{X''), 

$ = —In hlncoshcit, 

Co 

X = Xo + -tanhcit, (2.14) 

Co 

where t and r are related through dt/dr = {y/gg"')^^- 

The limit necessary to recover the standard 3-brane solution involves sending ci —>■ 
and 61 ^ 00 in such a way that Cibi —>■ const. Note also that in a region where t ^ 
the solution tends to the standard 3-brane solution. The solution is not supersymmetric. 
This is easily seen from the supersymmetric variation of the dilatino: 

6X = -^l''dMTe* = -^eV(a.X + ^5,e-*)e*, (2.15) 

2X2 2 

which can not be made zero □ for nontrivial values of the $ and x- 

3 Deformed D3-branes on Conifolds 

In this section we consider the above construction in the particular case where the 6-d 
perpendicular space is the conifold. This example will clarify any technical detail left 
obscure in the general construction of section ^ and, more importantly, will shed light on 
the physics of the deformed solution. This a phenomenologically very interesting case and 
it also captures most of the general properties of the solution^. The metric of the singular 
conifold is 



dsQ = dr'^ + r^ 
where 



2|-'-/2 I 2 I 2 I 2 \ 



(3.1) 



9 '^ 6 
dOi, e^^ = sin6'j(i</)j, e.^ = dip + cosOidcpi + cos 6^2^02 • (3.2) 



^ There is, however, a different situation in the Euchdean version as discussed in 0. 
^The study of this example motivated the general construction presented in section g. I thank A. A. 
Tseytlin for originally suggesting this example for consideration. 



All the geometrical statements made in this section apply as well to any 6-d space that is 
a cone over a 5-d compact Einstein manifold. The explicit form for the selfdual 5-form is 

F5 = J^ + *J^, T = K(p)e^ A 60^ A e^^ A ee^ A e^^ . (3.3) 

At the expense of being repetitive but with the hope of completely clarifying the structure 
of the Einstein equation we consider them explicitly in this case. The two independent 
Einstein equations are 

, 5 A' _ lOSK^e^^ 

/y /y i-\j 

A- = ^^-^($'^ + e-x'^). (3.4) 



The equation for A becomes 






^" + — -4^" = !^- (3-5) 



To solve this equation take h = e and note that 

r 
which linearizes it into 

h" + — + J- = 0. (3.6) 

In the t coordinate t: dt/dr = r~^ this equation becomes 

h + clh = 0. (3.7) 

Note that in the absence of the deformation, h = implies that h has the form of a a 
harmonic function: h = ho + hit = ho + Qi/r'^. The solution of the whole system, setting 
ci = 4L4, is 

e* = fifscosh— , 

X = -57^tanh— , 

. • ^' [ L' 

h = Oism — + O2COS— , 



K = -^bl + bl (3.8) 

Taking 62 = 1 in the above expressions gives asymptotically fiat space far away from 
the brane. The other interesting asymptotic to explore corresponds to removing the 



flat region, i.e. taking 62 = 0. The limit of D3 without deformation can be recovered by 
sending L^ — >■ and 61 —> 00 in such a way that L^6i —>■ const. The trigonometric behavior 
of the metric signals the existence of a very pathological array of naked singularities. We 
thus, consider the solution reliable away from this region. Namely, to avoid the highly 
oscillatory r ~ region we assume r > r^,, where r* is the largest value of r at which h 
has a maximum. This pathological behavior is captured by the scalar curvature which 
equals 

^=/^- ('-^^ 

Showing that zeros of h are points at which R blows up. In the limit of no deformation we 
have that, as expected for 3-branes, the scalar curvature is identically zero. This behavior 
of R is then solely an effect of the dilaton/axion system being nontrivial. 

Note that now, in contrast to the standard D3-brane, the 10-d metric does not fac- 
torize into a product metric after removing the asymptotically flat region. Removing the 
asymptotically flat region (taking 62 = 0) for the deformed 3-brane leaves the sin(L'*/r^) 
factor in the angular part, preventing the metric from becoming a product space. One, 
however, recovers the AdS^ x T^'^ space in the limit of no deformation discussed above. 
Also, very far from the brane r ^ L the deformation becomes asymptotically small. Thus, 
in terms of the AdS asymptotics, our solution tends to AdS^ x T^'^ for large values of 
the radius (which corresponds to the UV region on the gauge theory side). As one ap- 
proaches small r (flow to the IR in gauge theory) the metric is no longer a direct product. 
Moreover, in order to avoid a very erratic behavior (the warp factor going to zero and 
even changing signs) we should consider our solution being valid only in the region r >r^ 
where r^, is the largest value of r at which h has a maximum. We suggest that around 
r K, r^, the supergravity description starts to break down. The asymptotic behavior is very 
different from the KT solution in the sense that KT is not asymptotically AdS^, x T^'^, 
there is the characteristic logarithmic running of the warp factor which is also present 
for all of its generalizations [0, |l^,[l^. Perhaps the most important difference with the 



KT solution is the fact that for our solution K is constant, i.e. no running 5-form flux 
(or number of colors). This allows us to conclude that the deformation does not alter the 
gauge group structure of the KW solution. In other words, the deformation amounts to a 
perturbation that dies in the UV but has a very strong influence in the IR. The situation 
described above is the trademark of a massive deformation. This situation is somehow 
analogous to that considered for holomorphic t = x + ie~* [0, 0. One difference is, 
however, supersymmetry. The solution presented above is not supersymmetric, as was 
shown above from the supersymmetric transformation of the dilatino. In the absence 
of nontrivial 3-form fleld strengths the complex dilaton r has to be a holomorphic or 
antiholomorphic function (see for example |T^).Thus, our deformation amounts, in the 
gauge theory dual, to a nonsupersymmetric mass deformation. Since supersymmetry is 
restored at high energy we can conclude that this is a situation where supersymmetry is 
softly broken. Recalling that the A/" = 1 superconformal fleld theory (the limit with the 
mass deformation going to zero) is known |ll0|-|l2|, we suggest that the KW gauge theory 



is a UV fixed point of tlie deformed tlieory; and also tliat tlie deformation is given by 
adding dimension two operators of the form m^Tr(a^a + b'^b + ab), where a and h are 
the components of the chiral superfields A and B transforming as (A^, N) and (iV, A^) 
respectively under the gauge group U{N) x U{N). For the gauge couplings one has: 



1 1 

+ - 



1 



g! 



~ e 



gs cosh ^ 



(3.10) 



The difference of the squares of the inverses of the gauge couplings is proportional to B2 
which is constant for this solution. The behavior of the gauge couplings is moderate, the 
above sum ranges from 1/gs to 1 / {gs cosh L'^/rf). 

The dependence of the dilaton on the radius is very mild in the region where the solu- 
tion is reliable, even after applying a SL{2, R) transformation to the above background. 
Namely: 



r 



ar + b 
CT + d' 

results in the following dilaton 



9s 



T = x + ie 



c d 



eSL{2,R), 



^c2 



9i 



+ d'- 



2cd 
9s 



tanh- 



cosh 



(3.11) 



(3.12) 



It is worth noting that for r ^ L we basically recover the strong/weak relation. If the 
original string coupling gs was weak {gs <^ 1), then after the SL{2, R) transformation we 
get gs Ri c^/gs > 1- 



3.1 Deformed D3-branes on the generalized conifold 

In the previous subsection we considered a deformation of the background of D3-branes on 
the singular conifold. One feature of the solution was that there was only one scale which 
determined, on the gauge theory side, the confining (see appendix) and the supersymmetry 
breaking scale. In this subsection we consider adding a deformation to the background 
of D3 on the generalized conifold 



13 



The generalized conifold is not a cone over a 5-d 
Einstein space. Nevertheless, the general discussion of section ^ directly apphes since we 
are able to define a volume form for the compact 5-d space that is independent of the 
radial coordinate, basically the same one as in the case of the singular conifoldu. D3- 
branes on the generalized conifold provide supersymmetric vacua of IIB |T^, and they 
are dual to a confining theory [J13l . Thus, D3-branes on the generalized conifold provide a 
supersymmetic massive deformation of KW. By considering the axion/dilaton deformation 
on the background of D3 on the generalized conifold we believe, in principle, to be able 
to separate the confining and susy breaking scales in the gauge theory by adjusting the 
two corresponding parameters in the sugra solution. 



Similarly, one can define such volume form for the resolved and deformed conifolds. 



The metric of the generahzed conifold is: 

ds^ 
with 



^2 ^2 

K-'dr^ + K-el + -{el 


+ 


4. 


+ 


el 


+ 


e</,2), 


(3.13) 


K = i -. 

^6 














(3.14) 


given by 
















dt 1 
dr KT^ 














(3.15) 



The radial coordinate t is given by 



The solution is 

e* = fi'sCoshcit, X = fi'7"'^ tanhcit. (3.16) 

and 

/i = 6i sincit + 62Coscit, and K=-— — ybf + b2. (3-17) 

The relation between the radial coordinate t and the original r is 



1 



1, (f2- 1)3 1 TX 2f2 + l 

- In — 1 -= ( arctan -= — 

6 f6-l 734 V3 



(3.18) 



where f = r/h. In the r ^ b limit we basically recover the previous singular conifold 

situation t -^ — l/(4r^). The generalized conifold metric requires r > b. In the r ^ b 

limit we have 

1 r 

This behavior means that the restriction r > 6 is not good enough since by the time 
we reach r ^ b the metric has experienced some naked singularities h = 0. We need, 
therefore, to restrict the radial domain further. As in the case of the conifold, we take 
r > r^ where r^, is the largest values of r for which h has a maximum. 
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Appendix A Wilson Loop behavior 



Let us now investigate, following [^, ^, the behavior of the Wilson loop corresponding 
to the "quark-antiquark" potential in the dual gauge theory. It is given by the exponen- 
tial of the classical fundamental string action in this background evaluated for a static 
configuration of open string ending on the probe D3-brane placed at the "boundary" 
r = oo. 

We will show that generically it is possible to obtain an area law (confining) behavior 
for the deformed D3-brane background. The existence of an area law reinforces the 
interpretation of the deformation as a massive deformation, since otherwise dimensional 
analysis will require the potential to be Coulombica. This is different from what is found 



in the standard conifold case |T^ where the potential is Coulombic as in |^,^ in any 
regime. We will also show that, as expected, in the limit when the deformation is turned 
off we recover the Coulombic potential characteristic of D3-branes. 

The relevant metric is the string metric rather than the Einstein metric of equation 
ds^string = ^^^^Imstem. which in our background is 

9s 

1/2 , 



dslt 




h-^/^ri^^dx^'dx'' + h^/^dsl 



(A.l) 



where ds^ is the conifold metric ( p.l| ) and h = bi sin L^/r'^ in order to remove the asymptot- 
ically flat region. The Nambu-Goto string action which determines the expression for the 



Wilson loop depends on this 10-d string metric Gmn as / drdaJ— det{GMNdaX^^dbX^). 
In the static gauge (xq = t, xi = x = a) and assuming that the string_is stretched only 
in the radial direction, i.e. only the r coordinate depends on a, we get a 

S = TJdx^GooG,, + GooGrrid.ry = T j dxe^/^^h-^ + {d^rf . (A.2) 

Since the Lagrangian of this "mechanical system" does not depend explicitly on the "time" 
x, we have a conserved quantity —A — = = cq. The natural way to parametrize Cq is 

by interpreting it as the total energy of the "mechanical system" and therefore relating it 
to the turning point tq . Then 

cosh ^ 



^0 ~ l~~n~iJ- (^-3) 



hi sin 

'0 



From the above expressions we find 



dx = —;^^^^^=^^^^^ = \ I / j^ I A 4 1 

/e*/(eg/i) - 1 7(cosh(LVr4)/(e26isin(LVr4)) - 1 



^I thank M. Einhorn for useful discussions on this appendix. 
^T is the time interval and the string tension is set equal to 1. 



The energy of a static string configuration is tlius 

E = ^= jdxe''/'^h-^ + {d.rY= f ^^^' . "^"^ (A.5) 

T J ^ "- ' J eo/ii/2 y^e*/(e§/i) - 1 



Following pO|,pT|, the question about confinement is then reduced to finding the de- 
pendence of the energy E on the distance £ between the string end-points (between the 
"quark" and the "antiquark" ) . More precisely, it has been discussed extensively (see for 
example [^), that the behavior of the Wilson Loop is essentially determined by the 
properties around the turning pointro of the probe string. Following that prescription we 
obtain 

.^ 26fsinV^(LVro^)r3 E ^ ^^^^^^^=. (A.6) 



Lycot(LVr^) - tanh(LVr^) L'^ ^ cot{L^ / r^) - tanh(LVr-^) 

It is worth noting that in the limit of zero deformation we reproduce the Coulombic 
behavior of [^,|21|. Namely, taking L^ — ;> 0, hi ^ oc with hiL'^ = R^ we obtain 



2/32 

e ^ , E ^ ro, (A.7) 

which is precisely the Coulombic behavior E ^ 2E? / L Recalling that taking the zero 
deformation limit and considering the region far away from the brane are formally the 
same we see that if tq is very large (that is the string does not probe deep into the bulk) 
we also obtain a Coulombic potential. More generally, however, we have 

E ^ —-P, \ i. (A.8) 

26}/%ini/2(LVro^) 

In the above expression ro(£) but we find almost linear confinement whenever the sin is 
not small, which is everywhere except in the previously discussed limit. In particular in 
the region ro ~ L ~ £ whe obtain that E k, L 
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